Abstract-In this paper, the port Hamiltonian model of a manipulator is presented as the result of the power-conserving interconnection of a set of main components (rigid bodies, flexible links and kinematic pairs). Since rigid bodies and flexible links are described within the port Hamiltonian formalism, their interconnection is possible once a proper relation between the power conjugated port variables is deduced. These relations are the analogous of the Kirchoff laws of circuit theory. The final model is a mixed port Hamiltonian system because of the presence of a finite dimensional subsystem modelling the rigid bodies and of an infinite dimensional one describing the flexible links. The intrinsic modularity of the approach simplifies the model deduction and simulation, while the Hamiltonian description suggests the development of energy-based controllers.
I. INTRODUCTION
In recent years, the port Hamiltonian approach has shown its abilities in modelling and control of complex dynamical systems. Here, the word "complex" means "made of interconnected subsystems with different physical properties". As far as concerns finite dimensional systems [1] , the dynamical model results from a power conserving interconnection of a set of atomic elements characterized by a particular energetic behavior (e.g. storage, dissipation, conversion). Each component can interact with the environment through a port, i.e. a pair of signals whose duality product gives the power flow. The interconnection is possible once a proper relation between these signals is specified. The resulting network is mathematically described by a Dirac structure [2] , a generalization of the Kirchoff laws of circuit theory.
The approach has been generalized to the distributed parameter case by extending the notion of interconnection structure to infinite dimensions, [3] , [4] . The system is characterized by a spatial domain Z and the dynamics is the result of the exchange of power between different energy (sub-)domains in Z. The interaction with the environment takes place through a boundary port on ∂Z or along Z. Wave equations, fluid dynamics [3] , piezoelectric materials [5] and flexible structures [6] , [7] can be described within this formalism.
Finite and infinite dimensional system are characterized by a common interface with the environment, the power port. This makes the interconnection easier and allows the creation of mixed port Hamiltonian systems, [8] . A manipulator with flexible links belongs to this class, since rigid bodies are described by lumped parameter systems while elasticity requires a distributed parameter approach. The port Hamiltonian formalism can elegantly combine such different mathematical models once the interconnection equations are defined. These equations involve the power ports of the rigid bodies and the boundary power ports of the flexible links. The result is an implicit port Hamiltonian system with Lagrangian multipliers introduced by the constraints imposed by the kinematic pairs.
Following [9] and [10] , the mechanism is decomposed in its fundamental parts, i.e. rigid and flexible links and kinematic pairs, and its structure is described by means of a set of oriented graphs. Based only on the analysis of these graphs, the interconnection equations involving the port variables of the links can be written. Then, the dynamics of the mechanism follows automatically from the interconnection equations and the model of each component. The Hamiltonian description of the rigid link presented in [10] is adopted here, while the flexible link representation is based on the planar beam in port Hamiltonian form discussed in [6] and generalized to 3D.
The paper is organized as follows. In Sect. II, the port Hamiltonian models of rigid and flexible links are briefly discussed and the notion of kinematic (lower) pair is given. Then, in Sect. III, the mechanism is decomposed in its main components and its description in terms of a set of oriented graphs is presented. These graphs are fundamental in order to solve a simple direct kinematic problem (Sect. IV) and to write the interconnection equations (Sect. V). The complete dynamical model is deduced in Sect. VI, while conclusions and final remarks are illustrated in Sect. VII.
II. MAIN COMPONENTS

A. Rigid body
Consider a rigid body in the 3D space and denote by E i a reference system connected with it and by E 0 an inertial reference frame. Position and orientation of the rigid body with respect to E 0 are mathematically described by the canonical transformation h 0 i ∈ SE 0 i (3). As reported in [9] , [10] , the port Hamiltonian description of the rigid body motion is where, using the notation introduced in [10] , m i ∈ se
B. Flexible link
Consider a slender flexible beam of length L and with a straight line as unstressed configuration. As illustrated in Fig. 1 and following [6] , [11] , if s ∈ [0, L] denotes the position along the link in the unstressed configuration, assume that the configuration in the space of the cross section with respect to an inertial reference E 0 is given by h Due to elasticity, the relative motion between infinitesimally closed cross sections expressed in body reference is given by
where d represents a derivation in the spatial variable s. It will be clear that d is the exterior derivative.
As shown in on the link element [s, s + Δs] which is responsible of the motion. In the same way as in (2), we have that
where w and
Note that these quantities are expressed in body references
The energy (state) variables associated with the flexible link are the Lie algebra-valued 1-forms infinitesimal deformation q and momentum p. In particular, q takes value in se(3) while p in se * (3). These quantities are 1-forms since they can be integrated along the spatial domain thus providing the total deformation of the link and its total momentum respectively.
If C is the compliance tensor with inverse C −1 , which defines a quadratic form on se(3), the elastic energy density is given by 1 2 q | q C −1 . In the same way, if I is the inertia tensor with inverse Y , the kinetic energy density is given by 1 2 p | p Y . Thus, the total energy (Hamiltonian) is given by
The port Hamiltonian model of the link follows from (2) and (3) if we note that
(1-forms) and t
Consequently, it can be deduced that the port Hamiltonian representation of the link is [6] :
where · has to be replaced either by δ q H or δ p H and with boundary terms given by
The model (5a) is not completely satisfactory since it depends on the configuration of the cross section with respect to the inertial reference h 0 b (s), but the state variable of the system is the infinitesimal deformation q. However, suppose to evaluate (2) around s = 0, but the same considerations are valid for every s ∈ [0, L]. Since the unstressed configuration is a straight line, we have that h
(q(0)+n)Δs , with Δs → 0, e the group exponential [10] andn ∈ se(3) the unitary "twist" representing the direction normal to the cross section. Clearly,
• ad (q(0)+n) and, finally, for every t ∈ se(3)
It can be deduced that (5a) can be equivalently written as
The boundary terms remain the same as in (5b).
Note that in (6) it is not immediate how the effects of a gravity field can be taken into account since the configuration of the cross section with respect to the inertial reference h 0 b (s) in not available. A possible solution can be to integrate in timė
and then add a proper potential energy density function V (h 0 b (s)) to the Hamiltonian (4).
C. Kinematic pair
Consider two rigid bodies E i and E j . A kinematic pair between E i and E j is a set of vector fields k 
III. MECHANISM TOPOLOGY
An oriented graph G is a pair (V, E), with V the set of vertices and E ⊂ V ×V the set of edges. Given e = (v l , v r ) ∈ E, the edge e interconnects v l and v r , with orientation going from v l to v r . Moreover, it is useful to introduce the functions l, r : E → V defined as l(e) = v l and r(e) = v r .
The dynamical equations of a generic manipulator made of n r rigid and n f flexible links interconnected by n k kinematic (i.e. lower) pairs can be systematically written once the mechanism is described by a set of oriented graphs. An example of mechanism is given in Fig. 3a . Each graph takes into account a particular aspect of the structure, e.g. the relative position of the links or the coupling introduced by a kinematic pair, [10] .
The vertices represent reference systems associated with each rigid link and with the extremities of each flexible link. Since the rigid body constraint is not valid for flexible links, a pair of reference systems is required for describing its configuration in space. These reference frames are related by (7). The neutral (or inertial) reference E 0 is denoted by 0. Denote with V B,r the set of vertices associated to the rigid links and by V B,f the set of vertices related to the flexible links. Then, V B = V B,r ∪ V B,f as reported in Fig. 3b . Then, the following oriented graphs can be defined:
Each edge in E B is oriented from v ∈ V B to 0 and represents the configuration of the reference system associated to v with respect to the inertial frame (see Fig. 3c ).
Since it is convenient to separately consider rigid bodies and flexible links, this graph is the union of G B,r = (V B,r ∪{0}, E B,r ) and G B,f = (V B,f ∪{0}, E B,f ) which describe position in space of the rigid and flexible links respectively. Clearly, the number of elements in E B,r is equal to n r while the number of elements in E B,f is 2n f . Given an integer n = 1, . . . , n r (resp. n = 1, . . . , 2n f , then b r (n) (resp.b f (n)) provides the edge in E B,r (resp. in E B,f ) which corresponds to index n.
Each edge e = (i, j) ∈ E K represents the kinematic pair k j i which allows a relative motion between the references E i and E j (see Fig. 3d ). Given n = 1, . . . , n k , the function k(n) provides the edge in E K which corresponds to n.
Each edge e = (l, r) ∈ E F interconnects a pair of vertices belonging to the same flexible link n (see Fig. 3e ). If s indicates the position along the link in the unstressed configuration (see Sect. II-B), then the vertex r corresponds to s = 0, while l to s = L n , where L n is the link length. Given n = 1 . . . n f , f (n) provides the edge in E F which corresponds to the flexible link n.
Each of the n i edges e = (i, j) ∈ E I indicates the place where an external system is able to interact with the mechanism. In particular, it denotes the fact the the environment can apply a wrench between E i and E j . An example in Fig. 3f . Given n = 1, . . . , n i , the function i(n) provides the edge in E I which corresponds to n.
The kinematic graph G KIN = (V B ∪ {0}, E F ∪ E K ) is necessary to compute the direct kinematics of the mechanism as a function of the joint variables and the deformation of the flexible links while interconnection equations follow from the total graph
is a spanning tree of G T .
IV. DIRECT KINEMATICS
The interconnection equations can be written once, for every vertex v ∈ V B , h is the relative configuration for which
Otherwise, if e i = (v i , v i−1 ) ∈ E F , then it is necessary to integrate (in s) the deformation of the flexible link with respect the unstressed configuration or (in time) the twist of the cross section with respect the inertial reference. In this case, we make use of (7). In fact, since it exists 1 ≤ j ≤ n f such that e i = f (j), that is the edge e i is associated to the flexible link j, we have that h
In the same way, if e i = (v i−1,vi ) ∈ E F and e i = f (j) for some j, then h
Once the main components have been presented in Sect. II, the next step is to describe the mechanical structure. Given the total graph G T , for any cycle C we have that [10] i∈C
where k is a fixed vertex belonging to the cycle. Dually, the next relation relates wrenches and it is simply the action and reaction principle. For every vertex k, ifC k denotes the set of edges adjacent to k, i.e. the co-cycle, then
where either r(i) = k or l(i) = k. Relations (9) and (10) have to be written for every cycle and co-cycle in
is the twist associated to the edge i and expressed in the reference E k . Moreover,
T can be defined. Denote by
and B I = B I,r B I,f incidence matrices of G K and G I and suppose that row j of B K,r and B I,r corresponds to the vertex l(b r (j)) in V B,r and that row j of B K,f and B I,f corresponds to the vertex
or, equivalently
As in (11), for every edge i ∈ E B denote byw
l(i) the wrench between E l(i) and E r(i) and expressed in space E k and define the dual quantities of (11) as follows: 
VI. DYNAMICAL MODEL OF THE MANIPULATOR
Each of the n r rigid links is described by (1) . If
denotes the state vector of all the rigid bodies and
the total Hamiltonian, the rigid body motions are described by
where
• Ad h 0
For each flexible link i = 1, . . . , n f , denote by q i and p i the infinitesimal deformation and momentum. If x F = q 1 , p 1 , . . . , q n f , p n f T groups the state vector of the links and
describes the motion of the flexible links, where
As regard the boundary conditions, it is necessary to express t 
and by B the operator defined as diag(β(1), . . . , β(n f )), with
,f as follows:
From (12), (13), (14) and (15) we have that: . In order to take into account the constraint that a kinematic pair introduces, denote by A k the projection operator of a twist to the allowed subspace T 
VII. CONCLUSIONS AND FINAL REMARKS
In this paper, a systematic procedure for modelling manipulators with flexible links has been presented. Starting from a limited set of components, i.e. rigid and flexible links and kinematic pairs, the dynamical model follows from the analysis of a set of graphs that summarize the topology of the mechanism. The result is an implicit (mixed) port Hamiltonian system with Lagrangian multipliers, consequence of the constraints introduced by the kinematic pairs.
For simulation purposes, a spatially discretized formulation of the flexible link is required. Following [13] , a finite dimensional approximation which preserves the physical properties (i.e. the port Hamiltonian structure) of the system can be obtained. Eventually, the results could be integrated in the simulation software c 20Sim which is now able to handle models of rigid mechanisms by using a systematic procedure similar to what is discussed in the present paper.
